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1. Introduction
Introducing the notion of ‘ classes o f  Ahelian groups \ J-P . Serre gave in his 
recent paper [7]^  ^ very useful generalizations of the classical theorems of W. Hurewicz 
and of J.H.C. Whitehead. Among the same kind of these classical theorems, we find 
a theorem due to S. Eilenberg and S. MacLane [4 ] : I f  Y is an arcwise connected 
space with vanishing homotopy groups n i(Y )  fo r  i < in  and n<Ci<^q, then the 
homotopy group Ttn(^Y) determines the homology groups o f  Y in dimensions and 
partially the q--dimensional homology group o f  Y.
In the present note, we generalize the theorem of Eilenberg-MacLane after the 
fashion of Serre. The generalizations are stated in § 2  and are proved in §3. As 
applications we have two theorems. We solve in § 4 a special kind of homotopy type 
problem, and prove in § 5 a theorem by which we can obtain an information about 
the homotopy groups from calculations of the Betti numbers.
Throughout this note all spaces will be assumed to be arcwise connected.
2. Statements of theorems
Let 6  be a class in the sense of [7 ; Chap. I]. Namely (§ is a non-vacuous 
collection of Abelian groups satisfying the condition ;
( I )  I f ,  in the exact sequence L M -> N, the groups L and N are in Q, then 
M is also in Q.
We further throughout this and next sections assume that Q satisfies the conditions:
(IIb) I f  M is in (9, then the tensor product M ® N  is in Q fo r  any group N.
(Ill) I f  M is in Qy then the i-dimensional homology group o f  M, i/i (M, I) 
is in Q fo r  any f >  0.
We call that a homomorphism f :M - ^ N  is Q-on if the cokernel N If(M )  is in 
(9, and that / is Q-isomorphic if the kernel and the cokernel are both in g . For 
two given groups M  and N, if there exist a group L  and two ©-isomorphisms (i.e. 
6 -isomorphic homomorphisms) f : L - ^ M  and g : L —>N, then we call that M and 
N  are Q-isomorphicy and write M N. See [7] for the detailed accounts of classes.
Let us denote by ^) any one of spaces X  such that Tt^(X) =Tt and
Tti(X) =  O for i ^ n .  Then it is well known [4] that the singular homology groups
I) Numbers in brackets refer to the references cited at the end of the paper.
Hi{!}£(TC,n) ; G) with coefficient group G are determined by tt, n and G alone, and 
are denoted by 77« (tt, n\G),
We can now state the generalized theorem of Eilenberg-MacLane as follows :
T h eo r em  I . Let Y be a simply connected space such that TTi(Y) is in Q fo r  
i <Cn and n c^ i <^q. Then we have
H^(Y; G) ^  HtiKn(Y)^ n ; G) i f  i < q ,
H ,( Y ;G ) I ^ , ( Y ;  G) ^  H,(7tn(Y), n ; G) ,
where denotes the spherical subgroup [3].
More generally we have
T h eo r em  2. Let Y, Y' be simply connected spaces such that Tti(Y) and tt^CFO
are in Q fo r  i <C^ n and n<^i<C^q. I f  Kn(Y) ^  Kn(Y') and G ^  G', we havee e
H i(Y ;G )^ ^ H i(Y ';G ') i f  i < q ^
H ,(Y ; G ) / ^ , ( Y ;  G) ^  H ,(Y ' ; G ')!^ ^ (Y ' ; G') .
It is obvious that Theorem 2 is a direct consequence of Theorem I and the 
following
P r o po sitio n  I . I f  N  and G ^  G\ we havee e
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Re m a r k . If k i(Y ) ,  Tti(Y') and so H i(Y ), H i(Y') are finitely generated for any 
r > 0 ,  the same arguments as in [7 ; p. 275] show that Theorem I and 2 hold for 
any class (9 which does not necessarily satisfy (IIb) and (III).
3. Proofs of theorems
Let us denote by (E, F, B \ p) or (E^  F, B) a fiber space in the sense of [6 ; 
p. 443], where E, F, B  and p  designate respectively the total space, the fiber, the 
base space and the projection. Then the following proposition is a direct consequence 
of the homology exact sequence for (E, F )  and the Theorem I. B in [ I  \ p. 268].
P r o po sitio n  2. Let B besim ply  connected, and let H i(F ) be in Q fo r  0 < / < r .  
Then P^: H i ( E ) H i ( B )  (i C r )  and p^: H r{E) I i^ H r (F )H r (^ B )  induced by the 
projection p are Q-isomorphisms, where i^ \ H^(F) H r(E) is the in jectionP
It was proved by H. Cartan and J-P . Serre [ I ]  (see also [9 ]) that we can associate 
with any simply connected space X  a sequence of simply connected spaces Xr and 
continuous maps /?-: Xr+\-^ Xr (r =  1,2, •••) with the following properties :
2) We denote briefly by Hi(Y)  in place of Hi ( Y ; Z ), where Z is the additive group of 
integers.
( i ) (Xr+i , dfiu(7T/(X), r  — 1), X r 'y f r)  coHstitutes a fiber space.
C ii ) There exists a fiber space (X /, Xr+i , ^C(JCrQX), r ) )  such that X /  is of the 
same homotopy type as Xr.
(iii) Tti(Xr) =  O for i c ^ r  ; X ^ =  X 2 =  X ; and the composition / 1 0 / 2  0 .......
induces an isomorphism of Tti(Xr) onto Tti(X) for i ^  r .
Proof o f  Theorem I. Consider the sequence of Cartan-Serre for the space Y. 
Then we have by (iii) and the assumption that
Tti(Yn^i) =Tt i (Y)  ^ Q for 
Tti (Yn^i )=O  for
and hence Ttt(Yn-\-i) is in Q for any i Therefore it follows from the generalized
Hurewicz theorem [7 ; p. 271] that
Hi(Yn^ i)  e e  for O d  < q ,
0 : Ttq(Yn^i)---- >Hq(Yn+i) is a (9-isomorphism,
where ^ is the natural homomorshism. Thus the /-dimensional homology group of 
the fiber in the fiber space (ii) with X = Y  and r =  it is in © for and
hence we have by Proposition 2 that
Hi(Yn' )^^Hi(Ttn(Y) .7 i )  for i < q ,
Hq(Yn' )H^Hq(Yn^,)  - ^Hq(Ttn(Y),  n) .
Consider the commutative diagram
Ttq(Yn-^l) —^  Hq(Yn^i)
i
n,(Y ,n  HaiYn') ,
then we have, since the induced homomorphism is onto, that
== ^'Ttq(Yn) = (l>'i^TTq(Yn^i)
= I f^jiTtq(Yn-Vi) C i^Hq(Yn + i) ,
and so
i^Hq(Yn+l) IYla(Yn) =  i^Hq(Yn^i)li^^Ttq(Yn^i)  .
Since i:^Hq(Yn-vi)li^^Ttq(YnA-i) is a factor group of Hg(Yn-i-i)/^Ttq(YnA-i) and 0 is 
(9-on, we have i ^ H q ( Y n ^ i ) l ^ q ( Y n ) ^  Q and hence
(3 .2) H q ( Y ^ ) l ^ q ( Y n ! )  ^^Hq(Y, ! )  / i ^ Y n ^ l )  •
Since Ttr(Y) € 6  for r  <  it follows from Prop. 8 in [7 ; p. 271] that Hi(Ttr(Y),  
r — 1) is in Q for n y > r ' > 2  and I. Therefore the positive dimensional homology 
groups of the fiber in the fiber space (i) with X = Y  are all in Q . Thus it follows 
from Proposition 2 that f r ^ :  H  i(Yr-vi) —> Hi(Yr)  is g-isom orphic for 2 ^ r < C n  and 
i 0. This implies that
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(3.3) g^: H i ( ^ Y n ) H i ( Y z )  =  H i ( Y )  is ©-isomorphic for any / ^ 0 ,  where
g  = f i  0 / 2  Q ...... .
In general, we have
PR0P0SITI03SI 3. I f  f :  A  -> B is a Q~isomrophism and A  is a subgroup o f  A  ^
then f  : A / A' -> BIf ( A ' )  induced by f  is also Q -isomorphic.
Because the natural homomorphism / “ ^(0) -> f " ^ ( f { A ' ) ) I A '  — Ker , I  is onto, and 
the Coker, I  =  {BI f  { A ' ) ) K f  {A)  j f  {A'))  =  B j f (A) .
Since g ^ \  Tta(Yn) -^Ttq(Y)  is onto, maps Yla(Yn)  onto S s (^)*  Therefore it 
follows from (3.3) in virtue of Proposition 3 that
Hi(Yn) H i ( Y )  for i < q ,
Ha(Yn)IHa(Yn)  H q ( Y ) / r : , ( Y )  .
Since Yn and Yn are of the same homotopy type, we obtain from (3.1), (3.2) 
and (3.4)
H i ( Y )  ^^Hi(Ttn(Y) ,n )  for i < q ,
H a ( Y ) I Y l a ( Y )  ^^Ha(Ttn(Y) ,n)  ^
which is Theorem I for the integer coefficient group.
We know [7 ; p. 263] that
P r o p o sit io n  4. I f  A ^  A' and B ^  B \  we have ^  (R) A' ^  B' and A^^Be Q
^  A' B \  where denotes the torsion product^e
and it can be easily seen from the definition of Yla ( Y ; G) [3] that
P r o p o sit io n  5. 2 « ( ^ ;  G) is the image o f  the inclusion homomorphism Y a ( Y )  
^ G - ^ H a ( Y ) ( ^ G ,  and so we have (Ha(Y \ ) ®G )  I Y a ( Y ',G) =  ( H q (Y )  I Y a ( Y ) )  ® G .
Therefore Theorem I follows from these Propositions and (3. 5) in virtue of the 
universal coefficient theorem [5]
H i ( Y ; G )  = H i ( Y ) ® G  +  Hi^,(Y)>^<G,
and the proof is complete.
Proof  o f  Proposition I. Since M ^ ^ N ,  there exist a group L  and two © - 
isomorphisms f  \ L M, g  \ L N, Let K  be the kernel of / ,  and f ( L )  =  U.  Then 
K ^ Q  and M/ U   ^ Q,  and we have two exact sequences:
(3 . 6 ) 1  0 —^  K  L - ^  L I K  - . ^ 0 ,
(3. 6)2 O - ^ L / K ^ M - ^ M / U ------ > 0 ,
where $ is the injection, ^ is the natural factorization and / '  is a homomorphism 
induced by / .  Therefore there exist fiber spaces (SC(L, r) ,  3C(K, r) ,  ^ ( L j K ^ r ) )  and 
(!fC(LIK, r) ,  3C(MIL\  r  — l ) y  3C(M, r ) )  for any r ^ l ,  as are shown in (6.1) and 
(6.2) in [8]. Since K ^ Q  and M j U   ^ Q,  we have Hi(K,  r) € (9, Hi( MI U ,  r)   ^ Q
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for / I  and Hence we obtain by Proposition 2 that for /2^0 and r ^ 2
H tiL/K , r) «  H m ,  r) .e
Therefore we have
H iiU
for i^ O  and r ^ 2 .  By the same arguments we have
ft (L , r) ^  H,(N. r)
for i^ O  and r ^ 2, and so we obtain Proposition I for G =  G" =  Z. From this and 
Proposition 4, Proposition I is obvious in virtue of the universal coefficient theorem. 
This completes the proof.
4. A homotopy t 5i>e problem
If TT is countable, it is obvious from the theorem in [11] that we can take 
^  (tt, n) which is locally finite C T^-complex. Let us denote by K  (tt, n) such a space 
SfCiTt, n). Then it follows from the obstruction theory [2, 12] and a theorem of 
J.H.C. Whitehead with respect to homotopy type [10] that every complex K in, n) is 
of the same homotopy type for given % and n
T h e o r e m  3. Let Y he a simply connected space with the follow ing properties :
i) TTz (^Y), TZi i^Y), ••• , TVi (^Y) are finite groups such that iXi i^Y') ®7ti^{Y) — O 
for j  k,
ii) Tti(Y) := O fo r  any i differents from  /i, /2 , ••• , /m • Then we have
H iiY )
Furthermore, i f  Y is a CW-complex then Y is o f  the same homotopy type as the 
product complex K iiti^, h )  x K iiti^, I^ x ....... x K im ^ , /m)-
Re m a r k . Every space Kini^, lj)y  ^ ....... x K im ^ ,lm )  is on the same homotopy
type for given groups Tti^  , .......,Tti  ^ and integers /1 , .........,Im- Moreover this is a
CT^-complex, because it is proved in [10; p. 227] that the product of locally finite 
CPK-complexes is also a CT^-complex^\
Proof. Let be a set of prime numbers p such that the j^ -^primary component of 
TZijiY) is not zero. Then it is clear from n ijiY ) <^rcij^iY) ==0 ij^\^k) that
(4 .1) a j , aj. are disjoint i f  j  k .
For j  =  1,2, ••• ,m , let Q jiQ j)  be the class of torsion groups which the ^-primary
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3) J. H. C. Whitehead say that he does not know if the product of CW-complexes is generally 
a CW-complex.
component is zero for Then we see from (4.1) and the assumption
ii) that TVi ( Y) ^Qj  if Therefore, applying Theorem I with n =  , q oo
and G = Z ,  we have H i ( Y )  ^ ^ Hi ( n i j ( Y ) ,  Ij) for and j  — 1,2, , m, and so
we have
(4. 2) The p -prim ary component o f H i ( Y )  is isomorphic with that o f  Hi (7t i j (Y) ,  Ij) 
f or  ^  € O j.
Since Tii j (Y)  ^ we have Hi(7ri j (Y)y Ij)  ^ Gj  and hence we have
(4.3) The p~prim ary component of  Hi(7tij , Ij) is not zero i f  and only i f  p ^ a j .  
Finally let Q be the class of torsion groups whose ^-primary component is zero for
$ « 1  U « 2  U ......  U«m Then we have tci( Y )  € Q for i ^  0. Therefore it follows
from the generalized Hurewicz theorem that H i ( Y )  € © for / > 0 ,  and so we have
(4. 4) The p -prim ary component o f H i ( Y )  is not zero i f  and only i f  p ^ a ^  U « 2  
U ....... U«m.
We see from (4. l)-(4 . 4) that H i ( Y )  is isomorphic with ^ J ’=iHi(7T:ij(Y)y Ij). Thus 
we have the first part of Theorem 3.
To proceed the proof of the second part, we assume that F  is a CTF-complex, 
and we consider all homotopy classes of maps of Y  into K j  =  K ( 7t i j ( Y ) ,  If). Let u 
be the basic cohomology class of and /*  : H ^ \ K j ;  n i j ( Kj ) )  -> H  ^ \ Tt i j (Kj))  
be the homomorphism between cohomology groups induced by a map / :  Y  K j . 
Then we have from the obstruction theory [2,12]
(4.5) AU homotopy classes o f  Y  into K j are in one-to-one correspondence with 
elements o f  H ^ K Y ; Ttij (Kj)) by means o f the map {/} - > ,  where {/} denotes a 
homotopy class containing f .
Moreover we have by the universal coefficient theorem
H ^ K Y \ Tti j (Kj))  ( Hi j ( Y) ,  K i j ( K j ) ) + E x t  ( Hi j ^ , ( Y) y  Tt i j (Kj))  .
On the other hand we have Tti(Y)  ^ Qj  for i I j , and hence the generalized Hurewicz 
theorem implies that Hi j ^i ( Y)  ^ Q j  and 0 : Tti j (Y) H i j ( Y )  is a ©^-isomorphism. 
Since Ttij^i(Kj)  ^ Qj  , it follows from (3.1) by the well known properties of Hom 
and Ext [5] that Ext ( Hi j ^ , ( Y) ,  txij( K j) )  =O  and H o m (if^ /F ) , k ,j ( K j))~> 
Hom (Tt i j (Y)y Tt i j (Kj))  induced by 0 is isomorphic. We have now the following 
commutative diagram
Hom (Ttij(Kj),  Tti j (Kj))  Hom (Tt i j (Y),  Tt i j (Kj))
Bom Ttij (Kj)) Horn i z i j iKj ) )
^  l l\e
Ttij(K)) KY- , TZt j ( Kj ) ) ,
4) 6 j ,  e j  and e are classes satisfying (I), (II3) and (III), (see [7, p. 265])
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where (6* and 6 are isomorphisms. Thus if we associate each homotopy class {/} 
of Y  into K j with the induced homomorphism : ttij( Y )  ttij^Kj), we see from 
(4. 5) that it gives a one-to-one correspondence between all homotopy classes of Y  
into K j and Horn ( n i j ( Y X  Tti j(Kj)).  Therefore there exists a map h j : Y - ^ K j  such 
that hj^: Tt i j (Y) - > t c i j ( K j )  is isomorphic. Let h: Y  K  K  ••• X K ^  be a map 
defined by
h( y )  =  h^(y) '><K(y)x  ••• x h ^ ( y ) ,  y ^ Y ,
and consider the induced homomorphism h^: Tti(Y) -> Tt i (K^xK 2 X ••• XK^,)  . When 
i is not some I j , is isomorphic®^ since Tti(Y) and Tt i (K^xK 2 X ••• x K ^) are both 
zero. For i =  I j , consider the commutative diagram
T t i j ( Y )  T T i j ( K , x K 2 X  . . .  X K , , )
where pj (ZiXZzX ••• x z ^ )  ^  Zj ( z i ^Ki )  is the projection. Then hj^ and pj^ are 
isomorphic onto, and so is also an isomorphism. Thus h^: Tti(Y) Tt i(K^xKz  
X ••• xKrn)  is isomorphic®^ for every i. Since Y  and K ^ x K z X  ••• X K ^  are CW-  
complexes as is noted in the above remark, it follows from a theorem of J.H.C. 
Whitehead [10; p. 215] that /? is a homotopy equivalence. Thus we have the second 
part of Theorem 3.
Re m a r k  i). In the above proof of the second part of Theorem 3, we did not 
use Theorem I and 2, but we used only the generalized Hurewicz theorem. On the 
other hand, we used Theorem I in the proof of the first part. However, as is easily 
seen, we can reduce the first part from the second by making use of the result due to J.B. 
Giever (On the equivalence o f  two singular homology theory, Ann. of Math., 51 (1950), 
178-191).
Re m a r k  ii).®^  If we allow to use the results of M.M. Postnikov^^ Theorem 3 
is obvious.
5. B etti numbers and homotcpy groups
T h e o r e m  4. Let Y  he a sim ply connected space such that every dimensional 
homology group is fin itely  generated and jO^>0, pi =  0 ( 0<C/ <w) ,  where m denotes 
the i~dimensional Betti number. Then the homotopy groups o f  Y  are infinite fo r  
at least two number o f  dimensions, i f  the follow ing relation is not satisfied fo r  some i :
5) An isomorphism, without quolification, will always mean an isomorphism onto.
6) This is a remark by Mr. Mizuno.
7) M. M. Postnikov : Determination o f  the homology groups o f  a space by means o f  the 
homotopy invariants,  Doklady Akad. Nauk SSSR. 76 (1951), 359- 362; On the homotopy 
type o f  polyhedra,  ibid, 789“791. See also the paper of K. Mizuno in this journal and 
the mimeographed note due to P. J. Hilton.
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(5.1) Pi =  i f  i Z=Z qn and n is even,
=  I j i f  i =Z qn and n is odd,
=Z O i f  i is not divided by n,
where is the binomial coefficient with the convention : (y) — ^
Proof, Assumethatalldimensional homotopy groups Tti(Y)  are finite. Then all 
dimensional homology groups are also finite, by the generalized Hurewicz theorem and 
the assumption i), This contradicts the assumption i), and so there exists the smallest 
integer m such that Ttm(Y) is infinite. Let 6 /  be the class of finite groups. Then, 
since Tti(Y) € Q f  for i <Cm, it follows from the generalized Hurewiez theorem that^^
H i ( Y )  e Q^ for i < m ,
Ttm(Y) ^  H m ( Y ) .
Gf
Therefore we have m =  n.
Let us now assume that T t i ( Y)  is finite except i =z m =  n, and let P  =  Z + Z +  
••• +Z, where the number of Z  is pn . We have then T t i ( Y )  ^ Q f  and T t i ( 3 £ ( r ,  n))  ^ Q f  
for i ^ n .  Further Ttn(Y)  ^  F  =  r t n ( 3 £ ( r y ^i)). Thereforeitfollows from Theorem
Q f
2 that®^
H i ( Y )  ^  H i ( F , n )  for
Q f
and hence
(5.2) Hi ( Y,  k) =  H i ( r ,  n ; k )  for i ^ O ,
where ^ is a field of characteristic zero.
J-P. Serre proved In [6 ; p. 501] that the cohomology algebra H ^ ( Z , n ; k )  
=  '^H^(Zy n ; k) is a commutative polynomial algebra or an exterior algebra generated 
by one element of H ‘^ (Z, n ; k) according as n is even or odd. Therefore if n is 
even, Hi(Z,  n ; k )  is one or zero dimensional vector space according as n is divided 
or not divided by n. If n is odd, H q(Z, n; k) and Hn(Z, n; k) is one dimensional, 
and the other is zero. On the other hand, we have
(5. 3) Hi ( F,  n \ k )  ~  S  Hj^(Z,  n \ k ) ® .......^ H j  ( Z , n ; k )
by the Kiinneth relation. From (5.2) and (5.3), we have (5.1). Therefore if the 
relation (5.1) is not satisfied for some i, the homotopy groups are infinite for at 
least two number of dimensions. This completes the proof.
8) is a class which does not satisfy (IIb). However Theorem I and the generalized 
Hurewicz theorem hold for this class, since we have the assumption i). See Remark in §2).
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